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(2) Attempt all questions.

(3) Follow the usual notations and conventions.

(4) Figures on the right indicate full marks.

1  Attempt any two : 14

ey

Prove that the function space c[a, b] is complete where
[a, b] is any given closed interval on R.

(2) Prove that a mapping T :x —> y of a metric space (X,d) into
0
a metric space (y, dj is continuous of a point x, €xif and
only if x, »>x = Tx, - Ix,
(3) Prove that on a finite demensional vector space x, any norm
I is equivalent to any other norm |.| .
2  Attempt any two : 14
(1) Prove that every finite dimensional subspace y of a normed
space x is complete.
2) Let T : D(T)—>Y be a linear operator, where D(T) <X and
X, Y are normed spaces. Prove that :
(@ T is continuous if and only if T is bounded.
() If T is continuous at a single point it is continuous.
(3) Prove that the dual space of R" is R" .
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3 Attempt any two : 14

(1) Let and prove Riesz's lemma.

2) Let T : D(T)>Y be a bounded linear operator where D(T)
lies in a normed space X and Y be a Banch space. Prove that
T has an extension DT: D(T) > Y where DT 1s a bounded linear

0
operator with the norm HT HZHT I

(3) Prove that a finite dimensional vector space is algebraically
reflexive.

4  Attempt any two : 14

(1) Let X be an inner product space and Y be its complete
subspace and xe< X . Prove that there exists unique ycY
such that (x-y) | y.

(2) Ley Y be any closed subspace of a Hilbert space H. Prove
that H = Ygy*

(3) Let T : H —H, be the bounded linear operator. Prove that
there exists a bounded linear operator T* : H, »H such that
<Tx,y>=<x,T*y>,>x<er1,yeH2 and ||T*||:||T||

5 Attempt any two : 14

(1) For any subset M #¢ of a Hilbert space H, prove that the
span of M is dense in H if and only if M* ={0}.

(2) Let (e be an orthonormal sequence in an inner product

Z 2
space X. Prove that for every xe X, Z‘< X, € >\£HxH :
K=l

(3) Let H, H, be Hilbet spaces, S : H -»H and T : H —»H,
bounded linear operators and ¢ any scalar. Prove that :
@ (I"v.x)=(n.Tx) (xeH,yeH,)
®) (S+T)*=8S*+T*
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